We consider a SU(2)⊗U(1) gauge theory with many scalar doublets, but without fermions. We devise a systematic method of constructing quantities which are invariant under changes of basis of the scalar fields, but acquire a minus sign under a general CP transformation. Those quantities provide a basis-independent way of checking for the existence of CP violation.
Introduction
In 1985, Jarlskog [1] and, almost simultaneously, Dunietz, Greenberg, and Wu [2] discovered that CP violation in the quark sector of the three-generation standard model originates in a single basic CP-violating quantity, 
where M u and M d are the mass matrices of the up-type and down-type quarks, respectively, and V is the Cabibbo-Kobayashi-Maskawa matrix. Shortly afterwards, Bernabéu, Branco, and Gronau (BBG) [3] found J by searching for quantities which, though invariant under a basis transformation of the fermion fields, acquire a minus sign under a CP transformation. Their method of deriving basic CP-odd quantities in the fermion-gauge sector of the standard model works for any number of fermion generations, though unfortunately for more than three generations a minimal set of independent CP-odd quantities is difficult to find [4] . The methods of BBG have later been used in the construction of basic CP-odd quantities in models with vector-like quarks [5] , with left-right symmetry [6] , with neutrinos with Majorana 1 H 2 ) + h.c. , (2) in which all the coupling constants, except µ 3 , λ 5 , λ 6 , and λ 7 , are real by hermiticity. Without loss of generality, we assume that the two scalar doublets are in the basis in which only one of them, H 1 , has a non-zero vacuum expectation value (VEV), v, which is real. Thus,
where H 0 , R and I are real neutral fields, and G + and G 0 are the Goldstone bosons, which, in the unitary gauge, become the longitudinal components of the W + and of the Z 0 . The stability conditions of the vacuum read
We use these conditions to eliminate µ 1 and µ 3 as independent variables from V . The fact that Eqs. 5 and 6 appear to overdetermine v is connected to the fact that we have chosen the basis in which H 2 has vanishing VEV. This does not represent any loss of generality. Let us consider the potential V as a function of the fields ξ 1 ≡ R and ξ 2 ≡ I. V can be written as a sum in which some terms are of one of the following forms 1 :
1. aS, in which S denotes a general CP even monomial of H 0 , (G 0 G 0 ), (G − G + ) and (H − H + ) (or a constant), and a denotes the respective coefficient, which is a polynomial of the coupling constants in V ; 2. b i ξ i S, terms which are linear in either R or I; the b i are two coupling constants 2 ;
3. c ij ξ i ξ j S, terms quadratic in R and I, where the couplings c ij can be viewed as a symmetric 2 × 2 matrix; 5. e ijkl ξ i ξ j ξ k ξ l S, with e ijkl totally symmetric.
To be exact, the coefficients a through e ijkl should carry a superscript S specifying which monomial they refer to [for example, S = 1, or
We will suppress that superscript in order not to clutter the notation, and will instead introduce primes in some specific examples.
There is in V , for instance, a cubic interaction
which can be considered as the sum of a term of the form 1, with S = H 0 H − H + and a ′ = √ 2vλ 3 , and of a term of the form 2, with S = H − H + , and b
where M is a 3 × 3 real symmetric matrix, are of particular interest, because they are the mass terms of the neutral scalars. By diagonalizing M,
where T is a matrix of SO(3), one obtains the squared masses m 2 i of the three physical scalars
1 Other terms, including the CP-odd field G 0 , such as G 0 H 0 ξ i , will be discussed later. Terms including the charged scalars, such as G − H + ξ i , will be considered in section 4, when we discuss the treatment of quantities involving the charged fields. 2 We use throughout this paper the summation convention. 
Now consider a basis transformation. We do not want to leave the useful basis in which only H 1 has a VEV, and that VEV is real; therefore, the most general basis transformation possible just rotates H 2 by means of a U(1) phase. This is equivalent to rotating R and I by means of a SO(2) matrix. Obviously, under such a basis transformation, the coefficient a of a term of the form 1 is invariant, while the two coefficients b 1 and b 2 of a term of the form 2 transform as a vector of SO (2) . Similarly, the coefficients c ij of a term of the form 3 transform as a second-rank tensor, the coefficients d ijk of a term of the form 4 constitute a third-rank tensor, and so on. But the phase of H 2 is arbitrary and meaningless. Therefore, only quantities invariant under this basis transformation are meaningful and can appear in the final result for any physical quantity. For instance, a, or (
2 , are invariant. Now consider a CP transformation. In the simplest CP transformation, besides the change of sign of the space coordinates, both H 1 and H 2 transform to their hermitian conjugates 3 . This sets the CP properties for the H 1 component fields: H 0 is CP-even, G 0 is CP-odd, G − and G + are CP conjugates. For the H 2 components it dictates the transformations: H − ↔ H + , R → R and I → −I. However, because the phase of H 2 is meaningless, a general CP transformation must also include a phase rotation of H 2 . For instance, H − ↔ −H + , R → −R and I → I is also a CP transformation. In a general CP transformation, R and I get rotated by an O(2) matrix with determinant −1. A CP transformation is analogous to a basis transformation, the only difference being that the O(2) matrix which transforms the coefficients b i , c ij , and so on, has determinant −1 for a CP transformation, while it has determinant +1 for a basis transformation.
Our purpose is to find quantities which are invariant under a basis transformation but change sign under a CP transformation. We need for that purpose the antisymmetric tensor ǫ ij , with ǫ 12 = 1. This quantity behaves as a second-rank tensor under a basis transformation, but changes sign under a CP transformation:
It is easy to construct CP-odd invariants using ǫ. For instance,
, e ijjk c kl ǫ il , and so on, are quantities which, if they are non-zero, imply CP violation, while being invariant under a basis transformation.
Let us apply this general method to the mass matrix M. As we pointed out before, that mass matrix can be divided in an invariant a, a vector b i , and a second-rank tensor c ij . The simplest CP-odd invariant which can be formed from this is
This is the quantity introduced by Méndez and Pomarol [10] , who however did not explain its origin. J 1 can be expressed as a function of the masses of the physical scalars and of the matrix T by using Eq. 9. One obtains
Notice that, T being a matrix of SO (3),
The similarity of Eq. 20 with Eq. 1 is evident. It is easy to show, using the identity Having found that J 1 = 0 implies CP violation, the question arises whether J 1 = 0 implies CP conservation. In order to answer this, it is convenient to express J 1 as a function of the couplings in the potential in Eq. 2. From Eq. 18 and Eqs. 11 to 16 one finds
The quantity in the right-hand side of this equation is invariant under a rephasing of H 2 and, being an imaginary part, it certainly implies CP violation. But one recognizes that there are other quantities with the same properties: the imaginary parts of (λ *
) and of (λ * 6 λ 7 ). Therefore, we guess that, even if J 1 = 0 implies CP conservation in the mixing of the neutral scalars, there will be other CP-violating quantities, appearing in the cubic and quartic scalar interactions, which are independent of J 1 . This point has not been emphasized before.
Let us give a simple example. Consider the cubic interactions of the neutral scalars with the charged scalar given in Eq. 7. As pointed out after that equation, those interactions consist of an invariant and a vector under a rotation of R and I. We may join the vector with the second-rank tensor from the mass matrix to form a CP-odd invariant:
Similarly, we can form another invariant from the vector b ′ and the vector appearing in the mass matrix:
If we write the cubic interactions of Eq. 7 in terms of the physical scalars X i in Eq. 10 as
Thus, J 2 = 0 or J 3 = 0 imply CP violation.
In the appendix we present a specific model in which there is no CP violation in the scalar mixing, but there is CP violation in the cubic and quartic scalar interactions.
We are now in a position to discuss the cases in which S is a CP-odd monomial. We are looking for CP-odd invariants, and therefore, by carefully keeping track of the origin of the tensors we construct, we will know their CP properties and can use them to define invariants which are indeed CP odd. As an example we consider the cubic terms,
This provides us with a CP-odd vector,b i = 2v(Imλ 6 , Reλ 6 ) T ≡ −ǫ ij b j /v, which we may combine with CP-even vectors or tensors such as b i and c ij to yield CP-odd invariants. Sometimes these invariants may be identically zero. For instance,
More than two doublets
We now extend the method of the previous section to the case in which there are more than two scalar doublets in the theory. Once again, we must work in the basis in which only one of the doublets, H 1 , has a VEV v, and that VEV is real. Besides H 1 there are now n more doublets in the theory, which may be written
with the index α going from 1 to n. We are free to choose a different basis for these n scalar doublets. That freedom is expressed by the invariance of the physics under the transformation
K being an arbitrary n × n unitary matrix. Let us write K as the sum of two n × n real matrices, K R and K I , in the following way: K = K R + iK I . Let us moreover group all n fields R α and all n fields I α in a (2n)-dimensional vector u ≡ (R 1 , R 2 , ..., R n , I 1 , I 2 , ..., I n ) T . Then, the effect of the change of basis in Eq. 31 on the fields R α and I α (we will consider later the charged fields) can be written u → K (2n) u, where the (2n) × (2n) matrix
is orthogonal, as a consequence of K being unitary. Indeed, Eq. 32 constitutes an embedding of the group U(n) in the group O(2n). Similarly, a general CP transformation is written
with U a n × n unitary matrix. Separating U too in its real and its imaginary parts, U = U R + iU I , Eq. 34 can be written u → U (2n) u, where
is a (2n) × (2n) orthogonal matrix. Notice however that U (2n) is of a different form from K (2n) . Let us now generalize the tensor ǫ ij of the previous section to a tensor ε. This is a (2n)×(2n) matrix which is written in block form as
1 n being the n × n unit matrix. This matrix has the properties
The generalization of the results of the previous section is now evident. The coefficients of terms linear in the fields R α and I α are grouped in vectors, the coefficients of quadratic terms are grouped in second-rank tensors, and so on. Those quantities behave as vectors, second-rank tensors, and so on, under transformations of the sub-group U(n) of O(2n) realized in Eq. 32. When one wants to form a CP-odd quantity which is invariant under a basis transformation, one just picks some of these tensors and contracts all of their indices, leaving only two free indices i and j, which then are contracted with ε ij .
As an example, consider, in the three-Higgs-doublet model, the mass terms of the neutral scalars, written in the form
M is now a 5 × 5 symmetric matrix. Besides the invariant M 11 , this matrix includes a vector b i = M 1,i+1 and a second-rank symmetric tensor c ij = M i+1,j+1 . The tensor ε can be written as a 4 × 4 antisymmetric matrix, with ε 13 = ε 24 = −ε 31 = −ε 42 = 1, and all other matrix elements 0. The invariant J 1 of the previous section can be extended to the three-Higgs-doublet model:
We now are able, however, to define other CP-odd quantities, for instance,
The analogous quantity for the two-doublet model (with ε substituted by ǫ) can be shown, with the help of Eq. 21, to be equal to c ii J 1 , in which c ii is itself a CP-even invariant. For more than two Higgs doublets, however, J ′ 1 is a CP-odd invariant independent of J 1 . In general, it is possible to construct still other independent CP-odd invariants, of ever increasing order in the elements of M.
It is interesting to write the invariant J 1 as a function of the masses of the five physical neutral scalars, and of the mixing matrix T , which is now 5 × 5. We obtain an obvious generalization of Eq. 19
It is important to note that it is the combination of T matrix elements in the right-hand-side of this equation that appears in the vertex of the Z 0 with the two physical particles X i and X j . Similarly, for J ′ 1 we find,
Eqs. 42 and 43 actually hold for any number of Higgs doublets.
Extension to the charged scalars
The extension to the charged scalars of the work of the two previous sections is fairly obvious. As is seen in Eq. 31, the charged scalars H + α transform under basis transformations as the R α + iI α . Together with Eq. 33, this indicates that the procedure to follow must be to separate H + α into its real and imaginary parts, and to treat the real part as R α and the imaginary part as I α .
For instance, the mass matrix of the charged scalars, N, is a n × n hermitian matrix, appearing in the mass terms
After separating each field H + α into its real and its imaginary part, and putting all the real parts, followed by all the imaginary parts, in a (2n) vector, these mass terms may be written using instead a (2n) × (2n) symmetric matrix which is, in block form,
This matrix effectively constitutes a second-rank tensor which we may call h ij . From this tensor, together with the tensor and the vector occurring in the mass matrix of the neutral scalars, it is possible to construct further CP-odd quantities, like 
where we have suppressed the analogous CP odd terms in G I and used,
Therefore, we can recover J 1 by considering transformations of the charged fields.
Discussion and conclusions
In this paper we addressed the problem of the systematic construction of CP-odd quantities for a SU(2)⊗U(1) model with many scalar doublets. We pointed out that basis trasformations leaving the VEV v invariant have no physical meaning. Therefore, our strategy has been to define CP-odd quantities which are invariant under those basis transformations. Our method does not discriminate between the two possible origins of CP violation, explicit or spontaneous.
Our method does not rely on the assumption that the scalar potential is quartic. It can therefore be directly applied in effective scalar theories, with non-renormalizable interactions.
The way is now open to search for experimental signatures of CP violation in the scalar sector [13, 10] , and to determine which basic CP-violating quantities we might be able to measure.
Take three scalar doublets H 1 , H 2 and H 3 , with a symmetry ∆(27) [11, 12] . This is the discrete subgroup of SU(3) generated by the two transformations
